Nonlinear gyrokinetics provides a suitable framework to describe short-wavelength turbulence in magnetized laboratory and astrophysical plasmas. In the electrostatic limit, this system is known to exhibit a free energy cascade towards small scales in (perpendicular) real and/or velocity space. The dissipation of free energy is always due to collisions (no matter how weak the collisionality), but may be spread out across a wide range of scales. Here, we focus on freely-decaying 2D electrostatic turbulence on sub-ion-gyroradius scales. An existing scaling theory for the turbulent cascade in the weakly collisional limit is generalized to the moderately collisional regime. In this context, non-universal power law scalings due to multiscale dissipation are predicted, and this prediction is confirmed by means of direct numerical simulations.
I. INTRODUCTION
Plasma turbulence in weakly collisional magnetized plasmas plays an important role in various systems, such as fusion devices and many space and astrophysical situations, where it leads, e.g., to anomalous transport effects and particle heating. Such plasmas are usually almost collisionless and thus the turbulence problem requires a kinetic approach, especially at small scales where dissipation takes place. In the standard picture, turbulence can be interpreted as a conservative transfer of energy in wavenumber space, from injection to dissipation scales 1, 2 . While the fundamental processes in the hydrodynamic case, represented by the Navier-Stokes equation, are fairly well understood at this point, the turbulence theory of magnetized plasmas is still far from complete. Over the last several years, it has become clear that plasma microturbulence -as described by nonlinear gyrokinetic (GK) theory [3] [4] [5] -cannot be viewed as a straightforward extension of fluid turbulence.
In the 3D Navier-Stokes system, the kinetic energy, assumed to be injected into the system at large scales through mechanical forces, is conserved by the advective nonlinearity which is responsible for transferring the energy from the injection scales to the smallest ones (turbulent cascade) at which the energy is then dissipated by viscous effects 1, 2 . In the GK formalism, on the other hand, the ideal quadratic invariant is given by the free energy which is subject to a phase-space cascade towards small scales in (perpendicular) real and/or velocity space 6, 7 . A Kolmogorov-like phenomenological scaling theory of GK turbulence has been developed for the weakly collisional limit 8, 9 . The respective predictions have also been confirmed via direct numerical simulations 10, 11 . The main goal of the present work is to extend this work to the moderately collisional regime, focusing, for simplicity, on freely decaying 2D electrostatic turbulence on sub-ion-gyroradius scales. As it will turn out, our generalization predicts non-universal power law scala) Electronic mail: silvio.sergio.cerri@ipp.mpg.de ings due to multiscale dissipation, and this prediction is confirmed by means of direct numerical simulations.
The remainder of this paper is organized as follows. An introduction to the GK system of equations in the 2D electrostatic limit and to its global and local energy balance equations is given in Sec. II. Then, in Sec. III we provide a brief review of the theory of nonlinear phase mixing at sub-ion-gyroradius scales as proposed in Refs. 8, 9 (Sec. III A), and we propose a novel natural extension of such theory to the multiscale dissipation case (Sec. III B). In Sec. IV, we present the results from direct numerical simulations with the GK plasma turbulence code GENE [12] [13] [14] . We demonstrate the validity of the assumptions made in the theory we developed in Sec. III B for increasing collisionality by comparisons with the numerical results. Moreover, in the low collisionality limit, we recover the hypothesis and the results predicted by the standard theory of Refs. 8, 9 , showing that the transition from one case to the other is continuous, as one might have expected.
II. THE SYSTEM UNDER STUDY
In the present study, the full GK system of equations is reduced to the simple scenario of a single ion species, electrostatic perturbations, slab geometry with k = 0 (thus avoiding parallel effects such as the Landau damping and the linear phase mixing 15, 16 to be effective), and no-response electrons (which is consistent with k = 0). No gradients in the background quantities (i.e., the density n 0 , the temperature T 0 , and the magnetic field B 0 ) are considered. This allows us to focus on both nonlinear and collisional effects, which are the features we are primarily interested in. We are considering the total ion distribution function F to be split into a Maxwellian part,
0 /m being the thermal velocity, and a perturbed part, F 1 , i.e., F = F 0 + F 1 . Then, the gyrokinetic Vlasov equation for the perturbed distribution function F 1 and the gyrokinetic Poisson equation for the self-consistent electrostatic potential φ 1 read
and
where vφ = (c/B 0 )(e z × ∇φ 1 ) is the E×B drift due to the gyroaveraged self-consistent electrostatic potentialφ 1 , the background magnetic field being aligned with the z-axis,
is the Larmor radius, and µ = mv 2 ⊥ /2B 0 is the magnetic moment. Note that, in the periodic case we are using, the gyroaverage can be written as a multiplication by the Bessel function J 0 , e.g.,φ 1 = J 0 φ 1 . The term vφ · ∇F 1 is the nonlinear term and, because of the gyroaverage of the electrostatic potential, it is responsible for the nonlinear phase mixing process 8, 9 . In the absence of collisions, due to the conservative property of the nonlinear term, Eqs. (1)- (2) admit two positive definite conserved integrals 8, 9, 17 . One of them is quadratic in F 1 , which is then proportional to (minus) the perturbed part of the entropy (of the gyrocenters), while the other one is proportional to the product ofφ 1 and F 1 , which is usually referred to as the electrostatic energy (or polarization term):
where dΛ ≡ dx dy dΘ = πn 0 B 0 dx dy dv dµ is the phasespace element. Note that, using the Poisson equation and the local approximation, the electrostatic energy can also be written as
The entropy and the electrostatic energy, together, define the free energy:
However, when collisions are taken into account, the global energy balance equations read
where the collisional dissipation terms are
while H f and H φ are extra dissipation terms due to k ⊥ -hyperdiffusion, which will be defined later and will be negligible for the k ⊥ -range of interest (see Sec. IV).
Going to the local energy balance equations, in the Fourier representation they are
where the spectral density of entropy E f (k) is defined by
where the sum is over all the k x and k y . Equivalently, we define the spectral density of the entropy collisional and perpendicular dissipations, i.e.
where f * k is the complex conjugate of f k and the sum is over all the k ′ x and k ′ y . In a similar way, we define a nonlinear transfer term and a spectral density of the electrostatic energy, T φ (k) and E φ (k), respectively. Note that the nonlinear term is the only term responsible for a transfer of entropy or of electrostatic energy between different Fourier modes, e.g. between f k ′ and f k due toφ 1(k−k ′ ) (which is linear in f k−k ′ because of the Poisson equation in Fourier space). This determines a so-called triadic interaction between the modes f k , f k−k ′ and f k ′ , which is interpreted as an exchange of energy between modes k and k ′ due to the property
(from which follows the conservative behavior of this term, i.e.
. Usually, the nonlinear transfer T (k) is interpreted as (minus) the divergence of a flux in wavenumber space, i.e.
which means that the local energy balance equation has the form
where now D tot represents all the possible dissipation sources. Then, one usually assumes a quasi-stationary state (so ∂ t E(k) ≈ 0 after a time-average) and considers the inertial range (D tot (k) ≈ 0), so the above balance equation reduces to
and it can be solved with the help of a closure relation between the flux and the spectrum, if such a relation exists, e.g.
However, these arguments apply if the turbulence can be assumed to be in a quasi-stationary state (which is usually the case for driven turbulence) and if there exists a range over which the dissipation and the drive is negligible (i.e., what is commonly called inertial range). Unfortunately, this seems not to be the case for freelydecaying sub-Larmor scale turbulence, which is what we are going to study in the present work. Thus a more general approach based on heuristic and physical arguments is required.
III. SCALINGS AND COLLISIONS
For the almost collisionless (or weakly collisional) case, a scaling theory of the entropy cascade in sub-Larmor scale range has been proposed 8, 9 and it has been tested by means of direct numerical simulations 10, 11 . However, such Kolmogorov-style arguments are based on several assumptions, one of which is the existence of an inertial range in which no dissipation occurs. Nevertheless, gyrokinetics can exhibit multiscale dissipation throughout a wide wave number range, as it was shown in recent papers [18] [19] [20] . With the present work, we want to add a new, simple system to the previously mentioned cases, showing that even in our case multiscale dissipation is present and, moreover, it can also affect the spectra exponents, leading to non-universal power laws. Nonetheless, this work confirms again the weakly collisional theory in the proper limit, extending it in the moderate collisionality limit (i.e., where the spectra still have a significant power law component and they are not just an exponential fall off, which would be the case in the very high collisionality limit).
A. A review of the weakly collisional theory
Before going to the intermediate collisionality case, let us quickly review the weakly collisional theory suggested in Refs. 8, 9 . In our simple system, the only term responsible for the energy transfer among modes is the nonlinear term in Eq. (1), vφ · ∇F 1 , from which we can readily estimate the nonlinear decorrelation rate ω N L , i.e.,
where we have used the large argument approximation of the Bessel function, J 0 (ζ) ≈ ζ −1/2 cos(ζ − π/4) for ζ ≫ 1, since we are interested in the sub-ion-gyroradius scale range cascade, k ⊥ ρ ≫ 1. Then, since our aim is to first estimate the free energy flux,
k , the next step is to relate the electrostatic potential components φ k to those of the perturbed part of the distribution function f k . This can be done through the GK Poisson equation, Eq. (2); in the Fourier representation, it reads
where
2 ), I 0 being the modified Bessel function. In the k ⊥ ρ ≫ 1 limit, β(k) ≈ const. and the large argument expansion of the Bessel function J 0 gives
Now the nonlinear phase mixing argument comes into play and helps us to estimate the above integral by assuming the correspondence of length scales in real space, l, and in perpendicular velocity space 21 , l v , due to the nonlinear phase mixing process, i.e., l v ∼ l. In fact, let's assume that l is the correlation length of the E×B flow (i.e., of the electrostatic potential φ 1 ). Since in gyrokinetics the particle drift is determined by the fluctuating fields averaged over their gyro-orbits, particles sharing the same gyrocenter position, but having different perpendicular velocities v ⊥ , are gyro-averaging over different Larmor orbits and thus they are experiencing different drifts in real space. If the difference in the Larmor radii, and thus in v ⊥ ∝ ρ, of such orbits is of the order of the correlation length l of the averaged potential, then the two particles are decorrelated and they will perform independent random walks. This, in turns, mean that the distribution function F 1 develops random structures in v ⊥ -space on the scales l v ∼ l (see Refs.
8,9 for further details). Then, because of the random nature this process, the velocity space integral (12) can be argued to accumulate like a random walk in which the step size scales as l v and the number of steps scale as l 
where the last step comes from the nonlinear phase mixing argument l ∼ l v and f k has to be interpreted 9 as the root-mean-square value of the fluctuations inF 1 , i.e., (10) and (13), assuming locality of interactions and constancy of the flux of free energy Π f , we obtain
from which we readily get f k ∼ ε
Note that in the above assumptions, two features can be taken as the main ones, i.e. the nonlinear phase mixing process (i.e., l ∼ l v ) and the existence of a Kolmogorov-like inertial range over which absolutely no dissipation occurs (i.e., the constancy of the free energy flux Π f ∼ ε 0 = const). In the following, we are going to relax the latter one and to slightly modify the argument from which we are estimating the velocity integral in Eq. (12), while still assuming the nonlinear phase mixing argument l ∼ l v to hold.
B. Taking into account multiscale dissipation
We now extend the above theory in order to take into account collisional effects. First of all, let's assume that the nonlinear phase mixing argument, l v ∼ l, is still valid and that the decorrelation rate is still given by the nonlinear term, ω N L ∼ k 3/2 ⊥ φ k , which is responsible for the conservative energy transfer in wavenumber space. Then, with respect to the weakly collisional case, we argue that the scaling between φ k and f k becomes steeper due to the collisional smearing of the very small velocity-space scales, i.e.,
which is estimated from Eq. (12) with the same argument by which the velocity integral accumulates like a random walk, but now the step is a bit larger than in the weakly collisional case, an effect which is represented here via the θ ν correction. Again, we now have to consider the flux of free energy, i.e.
k , together with the scaling in Eq. (16) . In this regard, we do not assume a constancy of such flux as in the weakly collisional case (i.e., the existence of an inertial range over which no dissipation occurs), but we allow for a k ⊥ -dependent Π f (k ⊥ ) due to multiscale dissipation:
In general, to take into account the dissipation cut-off, the flux can be expressed as a combination of a power law and an exponential, e.g.,
Note that, in principle also the exponential parameters depend on the collisionality, i.e., β = β ν and γ = γ ν . However, we assume that there exists a k ⊥ -range over which the flux it is nearly a power law, i.e.,
This leads to the following spectra:
which are in general steeper than the weakly collisional spectra in Eq. (15), which are however consistently recovered by the limit θ ν , δ ν → 0. We finally note that, if we retain the exponential cut-off in the free energy flux Π f (k ⊥ ), we obtain the same result given in Eq. (19), just multiplied by the exponential cut-off exp(− 2 3 β ν k γν ⊥ ). Hereafter, we will refer to the spectra exponents as α f and α φ , such that
IV. DIRECT NUMERICAL SIMULATIONS
In order to test these ideas, the nonlinear GK equations, Eqs. (1) and (2), are solved by means of direct numerical simulations with the GENE code in a 4D phase space (x, y, v , µ). The size of the domain in real space is L x = L y = 2πρ, while the velocity-space domain is bounded by −3v T ≤ v ≤ +3v T and 0 ≤ µ ≤ 9T 0 /B 0 , where v T = 2T 0 /m is the thermal velocity. We use (256, 128, 32, 96) points in our 4D phase-space and a linearized Landau collision operator acting on F 1 /F 0 in gyrocenter coordinates [22] [23] [24] [25] is adopted for C L [F 1 ] . Note that, since we are using a Fourier representation, the resolution we have indicated as (256, 128) in the Fourier modes actually corresponds to (256, 256) (fully dealiased) grid points in real-space coordinates. We remind the reader that there are no gradients in the background quantities, n 0 , T 0 , and B 0 . Thus the system is initialized with an appropriate perturbed distribution function F 1 , and then it may freely evolve. In the simulations B 0 = 1 and T 0 = 1, so the µ-grid resolution is high enough to account for the largest k ⊥ modes and thus for the expected nonlinear phase mixing argument l ∼ l v to hold also in the numerical framework. We have chosen the same initial condition as given in Ref.
10 , i.e., a Maxwellian in velocity space and a sum of k x = 2 and k y = 2 cosines with a small-amplitude white noise χ on all Fourier modes:
where ̥ 0 is a constant, ǫ is the (small) amplitude of the white noise with respect to the cosine functions and F 0 is the background Maxwellian. With time, the system and of a later turbulent state for φ 1 (right).
evolves into a turbulent state (see Fig. 1 ). Moreover, in order to avoid energy pile-up at the very end of the spectrum (high-k ⊥ ), an 8th-order k ⊥ -hyperdiffusion operator
is added on the RHS of Eq. (1) . Note that, due to the very high order of the hyperdiffusion and to an appropriate choice of k 0 , H ⊥ [F 1 ] will be relevant only for very high k ⊥ and thus negligible in the k ⊥ -range of interest for the spectra (e.g., a ⊥ = 0.5 and k 0 = 96 in our runs). We remark that, since we are dealing with decaying turbulence, the spectra must be normalized appropriately at each time step (e.g., w.r.t. the amplitude of the decaying quantity) and then time-averaged over a (collisionality dependent) interval [t a , t b ]. In particular, the parameter t b can be chosen as the maximum simulation time, t max = 120, for every collision frequency ν, provided that we are in a state of almost completely decayed turbulence (so the spectra do not change if we pass from t b = t max to t b = t max −∆t, with ∆t sufficiently small). The parameter t a is collisionality dependent, since it must be choosen in a way such that the turbulence is fully developed, which actually depends on ν. For a quantity A ijs ≡ A(k x,i , k y,j , t s ), the spectrum E A (n) = E A (k ⊥,n ) is defined by
where (i,j)∈n is the "ring average" over the n-th shell, and, since GENE uses adaptive time steps, w s are the corresponding "time weights". In Fig. 2 we report the numerical results for the free energy spectrum E f (k ⊥ ) and the electrostatic energy spectrum E φ (k ⊥ ) from simulations with collision frequencies of ν = 10 −6 , 10 −5 , and 10 −4 (black, blue, and red curves, respectively). In order to make more clear how collisional the turbulence is, according to Refs.
10,11 , these three cases correspond to a Dorland number of D = 40, 527 and 5438, respectively for ν = 10 −4 , 10 −5 and 10 −6 . In particular, this justifies the use of hyperdiffusion, since in the very high Dorland number regime the spectral cutoff k ⊥,c ρ ∝ D 3/5 would exceed the resolution, thus we need to impose an artificial cutoff. Moreover, we used the same hyperdiffusion parameters for all the cases in order to make them comparable. For these cases, the initial time for the average was chosen to be t a = 40, 38, and 35 for ν = 10 −6 , 10 −5 , and 10 −4 , respectively. As we can see, the spectra become steeper with increasing collision frequency ν. This is indeed what can be expected qualitatively from Eq. (19) : good agreement with the standard theory, Eq. (15), for low collisionality, and a steepening of the slopes with increasing ν. (black squares, blue diamonds, and red circles, respectively). The dashed lines represent the weakly collisional theory.
We would like to stress that, even though the exponential part of the spectrum becomes more important with increasing collisionality, up to ν ∼ 10 −4 the power law part is still dominant and the spectrum can be described by a pure power law for an order of magnitude to a very good approximation (see Fig. 2 ). An overview of the exponents, α f and α φ , as inferred from the simulation results shown in Fig. 2 via a linear fit is presented in Table I . The uncertainties are estimated from the variation of the exponents due to the choice of the k ⊥ -range of fitting, the time window of average and the number of bins for the ring average. Table I : Spectral exponents extracted from the simulations shown in Fig.2 .
Numerical simulations can also be used to check the hypotheses used in the theory (Sec. III). In particular, we are going to test three fundamental features of the theory: (i) the scaling relation between φ k and f k , (ii) the free energy flux Π f , and (iii) the locality of the energy cascade. The first assumption, i.e., the scaling relation in Eq. (16), which reduces to the standard scaling (13) in the low collisionality limit (θ ν → 0), is displayed in Fig. 3 for the three cases ν = 10 −6 , 10 −5 , and 10 −4 of Fig. 2 . Note that in Fig.3 we have introduced a shift in magnitude of the relation for the three cases for the sake of clarity. The simulations thus demonstrate that the scaling relation between φ k and f k becomes steeper than k −1 ⊥ with increasing collisionality, although θ ν ≪ 1 is a only a relatively small correction (e.g., θ ν ≃ 0.15 ± 0.05 for ν = 10 −4 ). This was expected, since we are still in a regime in which the collisions do not affect the nonlinear phase mixing argument, l v ∼ l, but they just avoid to form a lot of small scale structures in v ⊥ -space. In Fig. 4 , the second assumption, regarding the flux of free energy, Eq. (18), is investigated. Here, the flux is normalized to the total dissipation. The non-constancy of the flux reflects the fact that dissipation is actually effective at all scales, since for purely conservative spectral energy transfer (i.e., the standard picture of the inertial range), one expects Π f /D tot = 1 for an extended region in k-space, until the dissipation range begins and an exponential fall-off appears. However, this is only approximately the case even at the lowest collisionality, ν = 10 −6 , for which (Π f /D tot ) max ∼ 0.95. Meanwhile, we obtain (Π f /D tot ) max ∼ 0.75 for ν = 10 −5 and (Π f /D tot ) max ∼ 0.5 for ν = 10 −4 , after which the flux is not even constant (it can be considered a power law, as a first approximation). This behavior clearly deviates from the standard picture of an inertial range. Moreover, the differences between the assumptions made in the standard theory and the fluxes in Fig. 4 is way more evident than the deviations found in the scalings (Fig. 3) . In other words, δ ν is deviating from zero more rapidly due to the multiscale dissipation: e.g., we estimate δ ν ≃ 1.0 ± 0.2 for ν = 10 −4 . Again, this means that the weaker point is to assume the standard picture of an inertial range bridging the injection and the disspation scales: this is something that was already observed in gyrokinetics for other type of systems (see Refs. [18] [19] [20] ). As a final remark on these two assumptions, we note that not only qualitative agreement is found: the values of θ ν and δ ν estimated from simulations are also in quantitative agreement with the fitted exponents of the spectra. In fact, for instance, we found α f ≃ 2.05 ± 0.15 and α φ ≃ 4.45 ± 0.25 for the ν = 10 −4 case (Table I) , while the values of θ ν and δ ν extracted from the simulations (Figs. 3 and 4 ) predict α f ≈ 1.90 ± 0.15 and α φ ≈ 4.20 ± 0.25. Considering the approximations made and the uncertainties, this is a good agreement. We finally test the third assumption, i.e., the locality of the energy cascade. This feature can be checked by looking at the shell-to-shell transfer, T m n , i.e., the energy exchange between the k ⊥ shells. Defining the shells as {k n } n=1,2,...,N , where we fix three parameters, k a and k b and A, such that k 1 = k a , k 2 = k a + k b , and
(n−2)/A for n = 2, . . . , N . In the following, k a = k b = 4 and A = 5 will be adopted. Note that T m n is the discrete version of T f (k ′ , k). The shell-to-shell transfer for ν = 10 −6 and ν = 10 −4 is shown in Fig. 5 (left and right panel, respectively) : we can see that the energy transfer is very local. I.e., the free energy exchange is relevant only between neighboring shells, thus verifying the locality assumption. Moreover, the antisymmetry of T m n is immediately evident from the plot, which means it is a non-dissipative term that only transfers energy between the modes, as to be expected. From Fig. 5 , we also recognize the features already seen in Fig. 4 about the free energy flux Π f (k ⊥ ), i.e., the non-constancy of the flux for ν = 10 −4 , denoted by the softening of the colors, in contrast to its nearly-constant behavior for the ν = 10 −6 case.
V. CONCLUSIONS AND DISCUSSION
We have presented a theoretical and numerical study of freely decaying electrostatic turbulence in the framework of collisional gyrokinetic theory of magnetized plasmas. A reduced 4D (2D2V) phase space (x, y, v , µ) is considered: the 2D real space is perpendicular to the background magnetic field, thus avoiding parallel effects such as the Landau damping to be effective. No background gradients were considered, making the system as simple as possible, and thus focusing on the two effects of interest: the E×B nonlinearity and collisions. The nonlinear term introduces a perpendicular (nonlinear) phase mixing 8, 9 , causing the perturbed part of the distribution function to develop structures in v ⊥ -space which are related to those in real space (or, equivalently, to k ⊥ ). In particular, the higher the k ⊥ is, the finer those v ⊥ -structures are. However, the relation between v ⊥ -scales and k ⊥ is affected by the collisionality of the system, which in practice has the function of limiting the finest v ⊥ -scales. Then, due to the relation between v ⊥ scales and real-space scales, this has a direct influence on the k ⊥ scalings between φ k and f k . This was indeed shown by means of direct numerical simulations, even if it remains a small effect, provided that the collisionality is not too high. In addition, allowing for the presence of multiscale dissipation in sub-Larmor scale fluctuations has immediate consequences on one of the very fundamental assumptions made by standard Kolmogorov-like theories, i.e., on the existence of an inertial range. In fact, regarding this point, we have shown that dissipation occurs at all scales, regardless of the collisionality regime and, moreover, that for intermediate collisionality the free energy flux is not even nearly constant anymore. This leaves a very important fingerprint on the spectra, making in fact the power law collisionality dependent and thus allowing for non-universal power laws.
Despite the relative simplicity of the system under study here, it seems plausible that these results can be generalized and applied to more complicated systems. For instance, it is reasonable to expect that also 3D GK turbulence in toroidal fusion devices can exhibit variable power law scalings depending on the parameter settings. Such behaviour has indeed been observed before, and the present work offers a possible explanation. Similarly, 3D GK turbulence simulations applied to the solar wind dissipation range display non-universal power law scalings as well as exponential corrections. Again, the present work may provide a key to the understanding of this effect. Follow-up studies will have to clarify if these conjectures are correct.
